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Abstract. We investigate the norm of sums of independent vector-valued 
random variables in noncommutative L p spaces. This allows us to obtain a 
uniform family of complete embeddings of the Schatten class S™ in Sp{P£") 
with optimal order m ~ n 2 . Using these embeddings we show the surprising 
fact that the sharp type (cotype) index in the sense of operator spaces for 
L p [0, 1] is min(p,p') (max(p,p')). Similar techniques are used to show that 
the operator space notions of B-convexity and K-convexity are equivalent. 



Introduction 



Sums of independent random variables have a long tradition both in probability 
theory and Banach space geometry. More recently, the noncommutative analogs of 
these probabilistic results have been developed ^2 and applied to operator 
space theory [HJEHI2I]- In this paper, we follow this line of research in studying type 
and cotype in the sense of operator spaces ^Hj- This theory is closely connected 
to the notions of B-convexity and K-convexity. Using embedding results we show 
that these notions remain equivalent in the category of operator spaces. 

We recall from J^i that a Banach space X is called K-convex whenever the Gauss 
projection 



is bounded. Here gi,g2,--- are independent standard complex- valued Gaussian 
random variables defined over a probability space (f2, A, /i). An operator space X is 
called OK-convex if Pq is completely bounded or equivalently 52 (X) is K-convex 
as a Banach space. Using standard tools from Banach space theory, we know that 
52 (X) is K-convex if and only if 5 P (X) is K-convex for some (any) 1 < p < oo. 
Therefore this notion does not depend on the parameter p. According to a deep 
theorem of Pisier |2J K-convexity is equivalent to B-convexity. Following Beck pQ , 
a Banach space X is called B-convex if there exists n > 1 and < 5 < 1 such that 



holds for any family xi, x 2 , ■ ■ ■ , x n of vectors in X. Giesy proved in j^j that a Banach 
space X is B-convex if and only if X does not contain £™'s uniformly. In the context 



*Partially supported by the NSF DMS-0301116. 

t Partially supported by the Project BFM 2001/0189, Spain. 

2000 Mathematics Subject Classification: Primary 46L07, 46L52, 46L53. 

Key words: Operator space, Noncommutative random variable, K-convexity, Type and cotype. 



Pg :/£l 2 (fi;X)^^( / /HglH^H)gfc G L 2 (n; X) 

k=l ^ n 




2 



JUNGE AND PARCET 



of operator spaces, the noncommutative analogue of i" is the Schatten class S 1 ™, 
the dual of B(P^). More generally, one might consider arbitrary dual spaces 

Li(A) = S™ 1 ffi S"™ 2 9 • • • © 

of finite dimensional C*-algebras. A priori, it is unclear which analogue of the 
notion of B-convexity is the right one for operator spaces. Namely, we could only 
exclude the £"'s or all the Li(„4)'s. The following result clarifies this question. 

Theorem 1. Let X be an operator space and let (A n ) be a sequence of pairwise 
different finite dimensional C* -algebras. The following are equivalent: 

i) X is OK-convex. 

ii) S P (X) does not contain t\ 's uniformly for some (any) 1 < p < oo. 

iii) S P (X) does not contain Li(A n ) 's uniformly for some (any) 1 < p < oo. 

In fact, we prove a stronger result. We shall say that the spaces Li(„4„)'s embed 
semi-completely uniformly in S P (X) when there exists a family of embeddings 

A„ : L-i(An) -> S P (X) 

satisfying || A rl || c j, || A" 1 1| < c for some universal constant c > 1. This notion came 
out naturally in the paper ^H]. We refer to J7j for further applications of this 
concept. For the equivalence of ii) and iii), we prove that if £™ embeds into S P (X) 
with constant c„, then there is a map u : — > S'p(X) such that 

||u : SJ* -> S p (X)\\ cb \\u- 1 : u(SJ*) -> S?\\ < Cc n . 

This map is constructed using (noncommutative) probabilistic tools. Usually, 
estimates for sums of noncommutative random variables are motivated by classical 
probabilistic inequalities. Our probabilistic motivation here is given by the following 
result. Let us consider a finite collection /i,/2, ■■■,/« of independent random 
variables on a probability space (f2,A, /i). Then, given 1 < p < oo, the following 
equivalence of norms holds 

[J2\fk(u)\] dfi(u)) max (]T / lA-HI^H) r ■ 

1 k=l ' P ' { fe=l^° J 

We shall provide in this paper the natural analog of jS^j) for noncommutative 
random variables. This result requires the use of the so-called asymmetric L p 
spaces, which will be defined below. Now, going back to the construction of the 
map u : S 1 ™ — > S P (~X.), we consider positive integers m,n > 1. Then, if 1 < k < m 
and t stands for the normalized trace, let tt^ : L p (T n ) — > L p (r„ m ) be the mapping 
defined by the relation TTk(x) = l®---®l®a:®l®---®l, where x is located at 
the /c-th position and 1 stands for the identity of M n . Then, the embedding u can 
be easily constructed by combining condition ii) with the following result, which 
might be of independent interest. 

Theorem 2. Let 1 < p < oo and 1 < q < oo. Then, given n > 1 and m > n 2 , the 
following map is a complete isomorphism onto a completely complemented subspace 

x E S% h— — 2 h ® Kk(x) £ L p (T nm ;e q n ). 
n fc=i 

Moreover, the cb-distance constants are uniformly bounded on the dimensions. 
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Our proof requires m > n 2 which is different from the well-known commutative 
order m ~ n. Using type/cotype estimates we show that the order m ~ n 2 is 
best possible. The cotype for operator spaces is motivated by the Hausdorff- Young 
inequality for non-abelian compact groups. Let G be a noncommutative compact 
group and G its dual object. That is, a list of inequivalent irreducible unitary 
representations. Given 1 < p < 2, an operator space X has Fourier type p with 
respect to G if the X- valued Hausdorff- Young inequality 



n 

(y^d h \\A k 



J <cb /C P (X, G) ( y I J2 d k tv(A k 7r k (g)) ^(g)) 



'sync j 

k=i p ' u fc=i 

holds for all finite sequence of matrices A\ , A2, . . . , A n with Ak € <8> X. Here 

fi is the normalized Haar measure and dk denotes the degree of the irreducible 
representation n k : G — > U(d k )- Moreover, here and in the following, the symbol 
< c b is used to indicate the corresponding linear map is indeed completely bounded. 
The notion of Fourier cotype is dual to the notion of Fourier type stated above. 
Following we notice that this inequality forces us to consider an operator space 
structure on the vector space where we are taking values. In other words, we need 
to take values in operator spaces rather than Banach spaces. 

Note that the span of the functions of the form ti(A k 7Tk{g)) is dense in L 2 (G). 
In the classical notion of cotype the right hand side is replaced by a suitable subset 
of characters. Since it is not entirely clear which will be such a canonical subset 
for arbitrary groups, we follow the approach of Marcus/Pisier ^1 and consider 
random Fourier series of the form 

n 

dktr(A k n k (g)U-K h ) 

k=l 

where the U^s are random unitaries. However, the contraction principle allows 
us to eliminate the coefficients Tr(g). Therefore, given such a family of random 
unitaries over a probability space (Q, A, fj,), a possible notion of cotype for operator 
spaces is given by the inequality 



c (X)y 

fe=l p ' k=l 



P , ,\ 1 /P 
X 



Although this definition originated from compact groups, in this formulation only 
the degrees of the representations of the dual object and their multiplicity are 
kept. We may therefore consider this notion of cotype for arbitrary collections of 
random unitaries (U a ) indexed by a e S and where d a represents the dimension of 
U a . Examples for S's coming from groups are the commutative set of parameters 
(So = N and dk = 1 for all k > 1) which arises from any non-finite abelian 
compact group and the set Si = N with d k — k for k > 1, which comes from 
the classical Lie group SU(2). As we shall see in this paper, these two sets of 
parameters are the most relevant ones in the theory. Let us mention that random 
unitaries can also be understood as a higher dimensional version of random signs or 
independent Steinhaus variables. It is rather surprising that in disproving cotype 
q larger matrices are not necessarily easier. In part because the sequence (d a ) al =Y: 
provides a new normalization. Let us also note that Khintchine-Kahane inequalities 
are not available in the operator space setting because they even fail in the level 
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of scalars ^JEIES- Indeed, type (see Section for a definition) and cotype turn 
out to be closer notions to Fourier type and cotype than in the classical theory. 

Theorem 3. Any infinite dimensional L p space has: 

i) Sharp H-type min(p,p'). 

ii) Sharp H-cotype max(p,p'). 

The organization of the paper is as follows. Section ^ is devoted to describe the 
operator space structure and some basic properties of the asymmetric L p spaces. 
These spaces provide an important tool in this paper. Section contains some 



preliminary estimates that will be used in Section [21 to prove the analog of I S p I for 



noncommutative random variables. In Section0]we construct the embedding of S 1 ™ 



into S p (£™) described in Theorem [21 Section [5] is devoted to prove the operator 
space version of Pisier's characterization of K-convexity. Finally, in Section we 
find the sharp operator space type and cotype indices of L p spaces. 



1. Asymmetric L p spaces 

Throughout this paper, some basic notions of noncommutative L p spaces and 
operator space theory will be assumed, see for a systematic treatment. We 

begin by studying some basic properties of the asymmetric L p spaces, defined as 
follows. Let E be an operator space and let M. be a semi- finite von Neumann 
algebra equipped with a n.s.f. trace ip. Given a pair of exponents 2 < r, s < oo 
such that ~ = ~ + i, we define the asymmetric L p space L( r , s )(-M., ip; E) as the 
completion of L p (A4, (p) (g) E with respect to the following norm 

\\x\\h {r>a) {M,ip;E) = ^\\ a \\L r (M, V )\\y\\L 00 (M, V -,E)\\P\\L s (M, V )Y 

where the infimum runs over all decompositions x — ay /3 with a € L r (M, ip), 
(3 6 L S (A4, ip) and y e M. €) m in E. Recall that any noncommutative L p space can 
be realized as L p (M., ip; E) — L^p,2p) {M, <p; E). In this paper, the von Neumann 
algebra M. will always be a finite matrix algebra M n so that the trace ip is unique 
up to a constant factor. In fact, we shall only work with the usual trace tr„ of M n 
and its normalization r„ = ^tr„. The spaces 

S (r,s)( E ) = L (r,s){trn,E) 

can be regarded as the asymmetric version of Pisier's vector- valued Schatten classes. 
If R and C stand for the row and column operator Hilbert spaces, we shall denote 
by C p and R p the interpolation spaces [C, R]i/ P and [R,C]i/ p . The superscript 
n will indicate the n-dimensional version. By using elementary properties of the 
Haagerup tensor product, it is not difficult to check that 

S^s)(E)=C? /2 ® h E® h R n s/2 

isometrically. This provides a natural operator space structure for £( rjS ) (t„; E). 

Lemma 1.1. Given 1 < r, s, t < oo such that - = - + ~, we have 

— 1 ' — s r t ' 

IMIcs(c»,c™) = IHIsjj) 
\\P\\eB(Rf,R-J) = ||^||,s«. 
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Proof. Since the row case can be treated similarly, we just prove the first equality. 
When r — s the result is trivial. Assume now that r = oo. We begin by recalling 
the following well-known complete isometries 

c#(c™ , c™) = ® min c: = c: ® h j?» . 

Since the Haagerup tensor product commutes with complex interpolation, we obtain 
the following Banach space isometries 

Since s = t when r = oo, the identity holds. Now we take s < r < oo. In that case, 
we use the fact that the complex interpolation space 

S 2t = [S2 a ,S'2 ] s / r = [CB(C^,C™),CB(C™,Cs)} s / r c CB(C",C") 

is contractively included in CS(C",C"). This gives ||o||cB(C ra ,C ra ) < ll a lls? t - For 
the lower estimate, we consider the bilinear form 

defined by (a,/3) h ao/3, Then, recalling that the Banach space 03(0^,0™) 
is isometrically isomorphic to the Schatten class S% p (see above), we obtain the 
following inequality 

||a/3||s 2 " 3 < NlcB(C»,C»)||/?||s£.- 
Taking the supremum over f3 € M n , we obtain ||o;||c i b(c' , ,C") > IMIsy t - D 

In the following lemma, we state some basic properties of the asymmetric L p 
spaces which naturally generalize some Pisier's results in Chapter 1 of |22| . 

Lemma 1.2. TTie asymmetric Schatten classes satisfy the following properties: 

i) Given 2 < p, o, r, s, u, v < oo suc/i that - = - + — and ^ = - + - , we Ziaue 

II^IUfp.^CE) ^ ll a lls2l|a:|U^, ) (B)||/3||s?- 

ii) Given x € M ra ® £ cmd 2 < p, g < oo, we /lave 

IMIm„(.E) = SU P {ik^lls^ q) (£) : ll"l|sy,||/3||sj < l}- 
Therefore, any linear map u : E — > _F between operator spaces satisfies 



sup 

n>l 



iii) ^4n?/ block- diagonal matrix D n (x) £ M m „ ® £7, wii/i blocks xi, X2, ■ ■ ■ ,x n in 
M m £g) E, satisfies the following identity 



\ i/p 

^ 1 1llJtOV£3 _ 



l|D„(x)|| S ™n )(B) = ^H^IISP ..(B) J ' i = 7 + f 

fc=l 

Proof. Let us define 

a (8^ id E ®h /9* : C" /2 0/, £ <g> ft #™ /2 — ► C*; l /2 ft £ ® fc R™ /2 

to be the mapping x 1— > ax/3. Then the inequality stated in (i) follows by Lemma ll.ll 
and the injectivity of the Haagerup tensor product. Let us prove the first identity 
in (ii). We point out that 

IMIm„(£) > sup I II ox/3|| s» q) ( E ) ■ ||a||s»,||/3||sj < l}, 
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follows immediately from (i). On the other hand, following Lemma 1.7 of [35], we 
can write ||a;|| M n (E) — \\ a o x Po\\s^(E) f° r some ao,/3o in the unit ball of S%. Then, 
we consider decompositions ao = a%a and P$ = /3/3i so that 

||ai||r = IHIp = l=||/3|| g = INU, 
with ^ + 7 — 5 = ^ + 7- Applying (i) one more time, we obtain 

NU„(i3) <sup{\\otx0\\s«^( B) : \\a\\ S n,\\0\\sn < l|. 

The second identity in (ii) is immediate. Finally, we prove (iii). Let E k be the 
subspace of E spanned by the entries of x k . Since E k is finite dimensional, we can 
find a k ,(3 k € M m and y k € M m (g> E k satisfying x k = a k y k f3 k and 

\\xk\\s^ s) (E) = l|afe||s-||/3fc||s-- 

By homogeneity, we may assume that 

E MSc.jW = E H afc H^ = E WMh- 

k=l ' k=l k=l 

Let us consider the block-diagonal matrices D n (a), D„(y) and D n (/3), made up 
with blocks a k , y k and /3& (1 < k < n) respectively. The upper estimate follows 
by considering the decomposition D n (x) = D n (a)D„(y)D„(/3). In a similar way, 
taking p — 2r/(r — 2) and a = 2s/(s — 2), the upper estimate also holds for the dual 
space S?™JE)* = SV^JE*). Therefore, the lower estimate follows by duality. □ 

2. Preliminary estimates 

In this section we prove the main probabilistic estimates to study the norm of 
sums of independent noncommutative random variables. First a word of notation. 
Throughout this paper, and 5 k will denote the generic elements of the canonical 
basis of M n and C" respectively. 

Lemma 2.1. Let E be an operator space and let D : Si{i^ {E)) — ► t\{E) be the 
mapping defined by 

n n 

D ( E e v x *j) 1 — * E Sk x kk> 

i,j=l k=l 

where x\^ € E stands for the k-th entry of Xij . Then D is a complete contraction. 

2 

Proof. Let us consider the map d : £^o ~ * ^n, defined by 

n n 

d ( E A w ( 5i = E A fcfe e fcfc- 

i,j=l k=l 

Since the diagonal projection of onto is a complete contraction, we can use 
the completely isometric embedding of £^o the subspace of diagonal matrices of 
M n to deduce that d is a complete contraction. If Ti stands for a Hilbert space such 
that E embeds in B(TL) completely isometrically, then we consider the mapping 

w : CB(B(H),£^) — > CCTO),C(C)) 

defined by w(T) = ide* <g> T. Clearly, w is a complete contraction. Therefore the 
linear map v : CB(B(H), P^) -► CB{P^{B{H)), M„), given by v(T) = do w(T), is a 
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complete contraction. Let S]^ denote the predual of B(H). Recalling the completely 
isometric embeddings 

M„(^(^)) ^ CB(eUB(H)),M n ), 
we deduce that u : ^(S^) — ► M„(^"(5^)), defined by the relation 

n n 

fe=l fe=l 
is a complete contraction. Namely, given a £ P^iS]^) let 

n 

T a (x) =^tv(alx)5 k G CB(B(H),l^). 
fe=i 

Then, it can be easily checked that tt(a) = u(T a ). Hence, u can be regarded as the 
restriction of w to ^(Sy). This proves that u is a complete contraction. On the 
other hand, the original map D is now given by the restriction of the adjoint map 
u* : S^(£^(B(n))) -> tl(B(H)) to the subspace S^(£^(E)). □ 

In the following result we shall need the following description of the Haagerup 
tensor norm. Given an operator space E, we denote by M Pyq (E) the space of p x q 
matrices with entries in E. The norm in M Ptq (E) is given by embedding it into 
the upper left corner of S^ (E) with n = max(p, q). Now, for any pair E\,E 2 of 
operator spaces, let x\ € M v ^ m (E{) and x 2 <E M m ^ q (E 2 ). We will denote by x\ X2 
the matrix x in M Piq (Ei E 2 ) defined by 

m 

x(i,j) = ^2x 1 (i,k)®x 2 (k,j). 
fe=i 

Then, given a family E\, E 2 , . . . , E n of operator spaces and given 

x £ M m ® (Ex® E 2 ® ■ ■ ■ ® E n ), 
we define the norm of x in the space S™(Ei ®h E 2 ®h • ■ • ®h E n ) as follows 

(n+l 



MU = nrf< ]J W x k\\M Pk , Pk+1 (E k ) 



,fc=i 



p 1 =m = Pn+l 



where the infimum runs over all possible decompositions 

x = xi x 2 • • • Qx n with x k e M PktPk+1 (E k ). 

Lemma 2.2. Let E be an operator space and xi, x 2 , . . . , x n <E M m ®E. If there are 
elements a k (r), b k (s) € M m and y k (r, s) <G M m E with 1 < r < p and 1 < s < a 
such that 

x k =^2a k (r)y k (r,s)b k (s) 

r,s 

holds for 1 < k < n, then we have 

n 

^4 0a;fc| 



fe=i 



li p (T ro ;^(£)) 



1/2 

< Y]afc(r)a fe (r)* sup (j/ fe (r,s)) V & fc (s)*& fc (s) 
11 p fc v 1 looH k 



1/2 
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Proof. Let us consider the positive matrices a, b € M m denned by 
a = (^afc(r)afc(r)*) and 6 = f ^ b k (s)*b k (s)" 

k,r k,s 

Then, we can find matrices ojfe(r) and /3fc(s) in M m satisfying 

afc(r) = aa k (r), 
b k (s) = p k (s)b, 

and such that 



k.r 



||X>(*)*&(«) 

k,s 

Let us define, for 1 < k < n, the matrices 



< i, 

< i. 



^2a k (r)y k (r, s)f3 k (s). 



Then, by the definition of L v (r m \ £"(£?)), we have 

^4 <8 Xk < 11^2 a k (r)a k (r)* ^ S k 2fc ^ b k (s)*b k (s) 



k=l 



k=l 



1/2 



where || ||oo denotes here the norm on S™(£i(E)). Therefore, it suffices to estimate 
the middle term on the right. To that aim, we consider the matrices 

a = (• • • , a k (r) e lk , ■■■) <G Af m!m „ p (i?^), 

P = (••• ,/3fe(s)®e fc i,---) t e M m „ ff , m (C"). 

Moreover, if = (y k (r, s)) S M mp ^ ma E, we also consider the matrix 

n 

2/ = e fcfc (4 ?/fe) € M mBPimwr (^(£)). 



fc=i 



Finally, we notice that 



^<5 fc 0Zfc = (id® D)(a© y©/3). 



fc=i 



In particular, Lemma 12 . II gives 



8k 

/c=i 



< 



J2 a k(r)a k (r)" 

k,r 



1/2 

sup 

oo k 



(yfc(r, a) ) L || 53^fcC«)*/3fc(») 



1/2 



This yields the assertion since the first and third terms on the right are < 1. □ 

Let us consider two positive integers I and n. Then, given 1 < p < oo, we define 
7Tfe : Lp(ji) — > L p (jin) for each 1 < k < n to be the mapping defined by the relation 

■Kk[x) = 1 • • • 1 x 1 • • • 1, 

where x is located at the fc-th position and 1 stands for the identity of M/. These 
operators will appear quite frequently throughout this paper. In the following 
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lemma, we give an upper estimate of the L p norm of certain sums of positive 
matrices constructed by means of the mappings ir k . 

Lemma 2.3. Let a ,a , . . . , a™ £ M m i be a collection of positive matrices and let 
1 < p < oo. Then, we have 



E^(« fc : 



fc=i 



< cp max 



n I n 1 / 'I 



Here c denotes an absolute constant not depending on the dimensions. 

Proof. By homogeneity, we may assume that the maximum on the right is 1. Let 
£ be the conditional expectation onto L p (r m ), regarded as a subspace of L p (r m ;n). 
Let bk stand for ir k (a k ), by the triangle inequality 



<||E^) 



k=l 

Let us observe that 



k=l 



L p (r m ) 



^b k - £(b k ) 



k=l 



= A + B. 



£(b k ) 



ma 



i 1 

) = tE 



i=i 



Therefore, by assumption, the term A may be estimated by 1. To estimate B, we 
first assume that p > 2. Then, applying the Burkholder inequality given in for 
noncommutative martingales, we obtain 



B < cp max<j || ^£(b 2 k ) - £{b k 

1/2 



fe=l 



1/2 



n 

(rm) .(Eii 6 *-wic 



k=l 
n 

2 (Ei« p(rml) 



l/p 



1/p 



K k=l k=l ) 

On the other hand, since q = p/2 > 1, we invoke Lemma 5.2 of to obtain 



fc=i 



< 



L p/2 (r m ) 



k=l 



2q 



L 2q (r m ) 



\ ,(Eini 2 • 



2<l 



k=l 



k=l q ' k=l 

The first factor on the right is a power of A. By assumption, the second factor may 
be estimated by 1. When 1 < p < 2, we proceed in a different way. Given a subset 
r of {1, 2, . . . , n} with cardinal |r|, let us consider the conditional expectation £r 
onto L p {T ml \v\ ) given by 



71 

£v(zo®(£) 



Zk 



k=l 



ker 



Y\ T i(z k )yz a 
fe^r 

with zo € M m and z k € Mi for 1 < k < n. Therefore, since x k = b k — £(b k ) 
are independent mean random variables, we can estimate B as follows. For any 
family of signs e k — ±1 with 1 < k < n, let T = {k : e k = 1}. Then we have 



n n 

ehl^ime 



£kX k 



k=l 



k=l 



n 

ME 



£kX k 



k=l 



< 



2 E^fc^fc 
fc=l 
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Then, if we write ri,r2, . . . for the classical Rademacher variables, we use the fact 
that L p (r m i n ) has Rademacher type p to obtain 



n „x n 

B = 153**1 - 2 ( / \\J2 Tk ^ Xk 

k=l P J° k=l 



2 ,1/2 



n 1 / 

< 2(x;in*b?) p 
fc=i 

fe=i 

This yields the assertion for 1 < p < 2. Therefore, the proof is completed. □ 



3. Proof of noncommutative (E p 



In this section, we prove the noncommutative analog of the equivalence of norms 



( S p I described in the Introduction. However, before that we need to set some 
notation. Let E and F be operator spaces such that (E, F) is a compatible pair 
for interpolation. In what follows, we shall denote by Jt(E, F) and K t (E, F) the J 
and K functionals on (E, F) endowed with their natural operator space structures 
as defined in |27]. Moreover, given 2 < r, s < oo, we shall write £™ r ^(E) to denote 
the linear space E n endowed with the operator space structure which arises from 
the natural identification with the diagonal matrices of S^ rs ^(E). Then, given 
1 < P, 9 < °° , we use these spaces to define the operator space 

Jl q {M V) E)= p| t^ s) (L {7 , s) (T f ,E)). 

r,s£{2p,2q} 

Lemma 3.1. Let 1 < p, q < oo and X p = Z _1 / p . Then, given t = l^p^^ ; we 
consider the mapping u : J™ q (Mi;E) -> J t (Cf, Cf) ® h E ® h J t (Rp l , R q l ), defined 
by the relation 



u( ® Xkj — Xp ^2 ® Xk - 



fc=i /c=i 

Then, u is a complete isometry with completely contractively complemented image. 
Proof. By the injectivity of the Haagerup tensor product, it can be checked that 
J t (C; l ,Cf)® h E® h J t {R r ;\R q d ) = p| X^L^tXn^ruE). 

r,sE{2p,2q} 

Taking diagonals at both sides, the first assertion follows. In order to see that the 
diagonal is completely contractively complemented, we use the standard diagonal 
projection 



p (( x ij)) = / (EiXijE^d^e), 
J{-i,i} n 

where \i is the normalized counting measure on { — 1, 1}". Here x — (a?jj) is a n x n 
matrix with entries in M; ® E. By means of the second identity of Lemma ll.2l (ii), 
it clearly suffices to check that P is a contraction on L/ rtS \(tr n ® n;E). For each 
e G { — 1, 1}", we consider the matrix a £ = (eiSij). Then we have 

HP^Ikr.s) = 2- nS Ta E xa E < 2~" V ||a £ xa e || (r . s) = |M| (r , s ), 

* — ' (r,s) * — * 
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since a £ is unitary for any e € {—1, 1}™- This completes the proof. 
Proposition 3.2. Let E be an operator space and let 1 < p < oo. Then 

n n 

A p i :J2h^x k e J^MuE) ^4 ® 7r fe (x fe ) G L p (r ; n ;£?(£)) 



□ 



fc=i 



fc=i 



is a completely bounded map with ||A p i|| c 6 < cp, where c is independent of I and n. 

Proof. Given t = l^~? , if we regard J t (C^ l ,R^) ® h E® h J t (i?™ ( , C" z ) as a space 
of n x n matrices with entries in Mi <g) E, then we consider its diagonal subspace 
J'p 1 (Mi;E). By Lemma lb. II it suffices to check that the mapping 



A P i :E 



e kk <8> Zfc 



fe=i 



fc=i 



satisfies ||A p i|| c 6 < cpA p . Given to > 1, let us consider x g 5 p ra (J p ^ 1 (M;; of 
norm less than one. Let us consider the spaces 



Fx = C" 



t ( (-ml r>nl \ 



F 2 — J t (Rp l ,C r £) ®h Rp ■ 

Since the space S p n (J'p 1 (Mi;E)) embeds completely isometrically in Ft ®hE®hF2, 
we can write x = aQyQb, with a € Mx, m ln{Fi), y € M m i n (E), b <E M m i nA (F 2 ) so 
that ||j/||M m „i(B) < 1 and 



:{Nls#«. ^IMIc™®^ 2 " 2 } 
:[\\b\\ STpln ,t\\b\\ c ^ n ^ hR ^ 



< 1 

< 1. 



Now, if we write a = (ay ), y = (yij ) and 6 = (6jj ) as n x n matrices of ml x 
matrices, we have 

n n 

x k = ^ a kiVijbjk where a; = e kk x fc . 

k—1 

Therefore, we have 

n n 

Api(x) = X! X! s ^®' K k{aki)^k{yij)^k{bj k ). 

k =l i,j=l 

According to Lemma \l. 21 we deduce 



|A p i(x)| 



< 



1 /2 

y2ir k (a kl a* kt ) sup (iTk{yij))\ \\y2^k(b* k b jk ) 

T - ' P fe v / loo II c — • 

k ,l k ,J 



1/2 



where ||A p i(x)|| p stands for the norm of A p i(a;) in 1 5 , ™(Lp(r;n; £"(E))). As we know, 
the middle term on the right is bounded above by 1. On the other hand, Lemma 
12.31 allows us to write 



/^kjakiati 



ip(tr m ®T;n) 



n n 



< 



I k,i p fc=l i=l 



a ki a kt 



L p (tr m 0n) 
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fill ' 

I r,s=l k,i 



, X p \\aa*\\ s „ 



The last inequality follows from the fact that the projection onto block diagonal 
matrices is completely contractive, see Corollary 1.3 of Now, recalling that 



l 

^afei(r,s)a fei (r,s)* = \\a\\ 2 c R „ 

r,s=l k,i v 



we obtain 



\\y2n k (akia* ki ) < cpX p . 

Since the same estimate holds for b, we get the desired estimate for ||A p i|| C 6. □ 

Proposition ^ . 21 provides an upper estimate for the norm of sums of independent 
noncommutative random variables in L P (£"(E)). Now, we are interested on the 
dual version of this result. Hence, it is natural to consider the operator spaces 
Kp (Mi;E), which arise when replacing intersections by sums in {Mi; E). That 
is, we define 

K;jM t ;E)= ]T q r<s) {L {r<s) { n ;E)). 

r,s£{2p,2q} 

Remark 3.3. Arguing as in Lemma l3~Tl we can regard K™ q (Mi; E) as the diagonal 
in the Haagerup tensor product K t {C™ 1 , C™ ; ) ®% E ® h K t {R r p L \ normalized by 
\ p = / _1 / p . The projection P onto the diagonal is also a complete contraction. 

Lemma 3.4. Let 1 < p < q < oo and let E be an operator space. Then, given a 
positive integer n > 1, the following identity maps are complete contractions 

Proof. Given 2 < r, s < oo, we can argue as in Lemma 13.11 to see that the 
diagonal projection P : S™ r s ^{E) — > JE) is a complete contraction. Therefore, 
the complex interpolation space between the diagonals of two asymmetric Schatten 
classes is the diagonal of the interpolated asymmetric Schatten class. That is, we 
have the following complete isometries 

completely isometrically for i = + | and 7 = 1/q. Hence, it suffices to show 
the result for p = 1 and q = 00. That is, we have to see that the identity mappings 

^■■q 2ao) {E)~^i^{E) 

are complete contractions. In other words, we have to consider the diagonals of 
R^ ®h.E($ih R^ and ®h,E®h . However, we recall the completely isometric 
isomorphisms E®hR^o = E^^^R 7 ^ and C^®hE = C^<g> m i n -E and the complete 
contractions 

fl™ ® h {E ® min R2o)^R2o ®mi„ {E ® mi „ R r 
(C£, ® min E) ® h CZ — > (C» ® mln £) ® min C£ 



00 7 J 
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Hence, it suffices to show our claim for the diagonals of <g> m in-E and <3 m inE. 
In the first case the diagonal is R^ <8>min E while in the second case is ®min E. 
By the injectivity of the minimal tensor product and since £^ carries the minimal 
operator space structure, the assertion follows. This completes the proof. □ 

The following result can be regarded as the dual version of Proposition ^. 21 where 
the spaces J™ (Mf,E) are replaced by the spaces K™ q (Mi;E). Here we skip the 
assumption that q — 1 and we work in the range 1 < p < q < oo. 

Proposition 3.5. Let E be an operator space and let 1 < p < q < oo. Then, the 
following map is a complete contraction 

n n 

A pq : tf fc ® a* e K p, q ( M H E)^J2 S >*® n k{x k ) G L p { Tln ■ £ n q {E)). 
fe=i fe=i 

Proof. Let t = l^^k, regarding again K t (Cf,Cf) ® h E ® h K t {Rf,Rf) as a 
space of n x n matrices with entries in Mi £g> E, we consider its diagonal subspace 
K,p q (Mi; E). By Remark 13.31 it suffices to check that the mapping 

n n 

A pg :^e u ®i t £ K,p q (Mi\E) i — >^8 k ®-K k {x k ) G L p (n»;£%(E)), 

k=l k=l 

satisfies ||Apq|| c f, < X p . Since the diagonal projection P is a complete contraction, 
it suffices to prove this estimate for the diagonal in each of the following spaces 

C; L ® h E ® h Rf , tC; 1 ® h E ® h Rf , tCf ® h E ® h R; L , t 2 Cf ® h E ® h Rf. 

Notice that, given a scalar 7 and an operator space F, we denote by jF the operator 
space with operator space structure given by 



The first one is 



l/llM m ® m : n7 F — 7ll/l!M m «i n 



A pq : e n p (S' p (E)) - L p {T^-r q {E))\\ cb < X p . 



This estimate obviously holds for p — q and, since the identity map i p {E) — > £q(E) 
is a complete contraction, the desired estimate follows. For the last one, we note 
that 

||A M : t 2 r q (S l q (E)) -> L q (nn;£ n q (E))\\ cb < X p . 

Moreover, since we are using a probability measure, we know that the identity map 
L q {r m ;F) — ► L p (r m ;F) is a complete contraction. Therefore, the desired estimate 
for the last case holds. For the second and third terms, we use a similar trick. We 
claim that the identity mappings 

L(2 P ,2q) ( T m F\ ) ► L p [T m \ F\ ) 

E(2q,2 P ){ T m', F 2 ) — ► L p (r rn ] F 2 ) 

are complete contractions. Namely, by complex interpolation it reduces to the case 
p = 1 and q = 00. However, if we rescale these mappings to replace r m by tr m , 
this case follows easily by the injectivity of the Haagerup tensor product and the 
well-know estimates 

\\id;RZ^CZ\\ cb <V^ and \\id : C™ - R™ || cfe < v/m. 
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We take m = l n and the operator spaces F\ — £™ 2p 2q)( E ) and F2 — t™ 2q 2p ^ (E) . 
According to Lemma T3.4I it suffices to prove the following estimates 

\\^-pq :t ^{2p,2q)(^(2p,2q){ E )) —> L( 2 p,2q){n™;P(2p,2q)( E ))\\cb - "V 
W^pq '■ t ^(2q,2p)(^(2q,2p)( E )) L(2q t 2p){Tl^]P(2q,2p)^ E ))\\cb - V 

Since both estimates can be treated in a similar way, we just prove the first one. 
Given a positive integer m, let us consider a diagonal matrix 

n 

X = J2 ekk Xk 6 Mn ® S (2p,2q)( E )- 
fe=l 

According to Lemma Tl .21 (iii), the following identities hold for - = j- ' 



\ A P1^\\(2p,2q) _ W 7Tk ( Xk WL i2pt2q) (tr m ®T l n.;E) 
k=l 
n 

ll 2;fe lli(2 P> 2,)(tr m ®r ; ;_B) 

' fc=l 

VlWI^ >a ,j(S& ia ,,(B))> 



2p 1 2q 

1/r 



where || ||(2p,2<j) denotes the norm on the space i(2p,2g)(t r m ( 8 ) T';" ; £™ 2p 2q)( E ))- Thus, 
applying the second identity of Lemma ll~2l (ii), the assertion follows. □ 

Once we have seen the estimates for intersections and sums given in Propositions 
13. 21 and 13. 51 we are in position to prove the complete equivalence of norms (XL I for 
sums of independent noncommutative random variables in L p (£i(E)). 

Theorem 3.6. Let E be an operator space and let 1 < p < 00. Then, the map 

n n 

Api :Y, 5k ® Xk £ J pA M ^ E ) ^^Z 5 k®^k(x k ) G L p {t^;^{E)) 

k=l k=l 

is a complete isomorphism onto a completely complemented subspace. Similarly, 
the same holds for the map 

n n 

fc=i fc=i 

for 1 < p' < 00. Moreover, the cb-distance constants are independent of I and n. 

Proof. It is clear that we can assume E to be a finite-dimensional operator space. 
In particular, all the spaces we shall consider along the proof will be of finite 
dimension and hence reflexive. Now the duality theory for the Haagerup tensor 
product, see for instance the Chapter 5 of |23| . provides a complete isometry 

S : (J t (C;\C?)® h E® h J t (R; l ,R?)y -> K t -i(C#,C£)® h E*® h K t -i{I$,R£). 

On the other hand, according to Lemma |3. II and Remark 13.31 the projection onto 
the diagonal is always a complete contraction. Therefore, wc obtain the following 
completely isometric isomorphism 

j; A (M f ,Ey = k;,^(m i; e*). 
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Indeed, if P denotes the diagonal projection and T = u 1 o P where u stands for 
the linear mapping considered in Lemma 13. II then the mapping 

ToSoT*: J$ tl (Mi;E)* — K™^(M i; E*) 

is a completely isometric isomorphism. Here, the duality is given by 

In n \ n 

(a,b) = (^2s k <g)(a k ®e k ),^26 k ®(b k (g>e* k )\ = ^Ti{a\b k ){e k , e%). 

\k=l k=l I k=l 

Thus, we obviously have 

(A pl {a),A ploc (b)) = (a,b) V a G J" tl (Mi; E), b £ K£, <aa (Mi; E*). 

Consequently, the map A* /oo A pl is the identity on J^ ^M^E). In particular, by 
Propositions 13 . 2l and 13.51 A p i becomes a complete isomorphism with constants not 
depending on the dimensions. Moreover, its image is a completely complemented 
subspace since A pl A* /oo is a completely bounded projection with HA^A*,^^ < cp. 
This proves the assertions for A p i, but the arguments for Ap/oo are similar. □ 

Remark 3.7. Let us state Theorem 13.61 in a more explicit way. To that aim, we 
introduce some notation. If ^— = ~ + ~, we define 



HI" = max _ > JafcllT 



ri 



\ k—1 



l/7r 



l/7r 



x 2^ Xrs { r.s fe=l 

Then, recalling the meaning of < c b from the Introduction, we have 
• Given 1 < p < oo, we have 

n 

\M\p,l<cb\\^2S k ^^k(xk) T <cfc cp ||a?||^ ;1 . 

II -Lp(«i (■£!<)) 



Given 1 < p' < oo, we have 
1 II " 

- IMl£,oo <c6 \\J2 S k^^k) r fe fm <cb\\x\§ 



cp 



k=l 



4. A cb EMBEDDING OF S q INTO S p {H™) 

We begin by stating a complementation result for the subspace of J pq (Mf,E) 
given by constant diagonal matrices. As we shall see immediately, this result plays 
a relevant role in the embeddings we want to consider. 



i i 



Lemma 4.1. Let 1 < p, q < oo and let t = ( j) 2p 2q with I and n positive integers. 
Then, the map 

T : Jt(C l q ,C l p ) ® h E ® h J t {R l ql R l p ) — J^ q (Mr, E) 

defined by 

-1/9 



fe=i 

is a complete isometry. The image of T zs completely contractively complemented. 
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Proof. To see that the image of T is completely contractively complemented in 
Jp q (Mi; E), we consider the following projection 

Y n 1 n 1 n 

p(xi,x2,...,x n ) = (-y2x k ,-y2x k ,...,-y2xk). 

\n * — ' n — ' n — ' / 

fe=i fc=i fc=i 

Then, it suffices to see that P is a complete contraction in 

whenever r, s £ {2p, 2q}. It is clear that, given any operator space E, the projection 
P is contractive in these four spaces. Then, the complete contractivity follows easily 
from Lemma ll.2l fii') and the obvious Fubini type results. Now, given r, s £ {2p, 2q}, 
let £ rs = <5 r ,2p + 5s,2p- To see that T is a complete isometry, it suffices to check that 

T;t^sl rtS) (E)^t? r!s) (L {r!s) (n;E)) 

is a complete isometry for any r, s £ {2p, 2q}. However, this follows one more time 
as a consequence of Lemma Tl .21 (ii) and (iii). □ 

The following theorem provides an embedding of the Schatten class S q (E) into 
L p (A4,T;£ q n (E)) with uniformly bounded cfe-distance constants. 

Theorem 4.2. Let 1 < q < p < oo. Then, given any positive integer n > 1 and 
any operator space E, the following mapping is a complete isomorphism onto a 
completely complemented subspace 

% q : x £ S n q {E) ^—Y,5k®*k{x)£ L p {r nn , ; if (E)). 
n fe=i 

Moreover, ||<J> pg || c i, < cp while the inverse mapping is completely contractive. 

Proof. By Lemma PI J t (Cf,C£) = i?" and J t {R^, R r p l ) = for t = nk~% . 
In particular, we can write 

s?(e) = j t (c[\ c;) ® h e ® h j t (i%, r;). 

Then, Proposition 13. 21 and Lemma f4. II give that 

$ pl : (25)— » L p (T n ^-lf{E)) 

is a cb embedding with ||3>pi|| c & < cp. That is, the upper estimate holds for q = 1. 
On the other hand, the map 

*„:S${E) — >L p (T nn z;£f(E)) 

is clearly a complete isometry. Hence, for the general case, the upper estimate 
follows by complex interpolation. In order to see that the image of the mapping 
$ pg is completely complemented and 3>~q is completely contractive, we observe 
again that, by elementary properties of the local theory, we have 

S%(E*) = (j t (C ? ", C£) ® h E ® h J t {R n q , R n p )Y 

for t = n^'^i. Thus, if C$] ql (M n ;E*) stands for the subspace of K^ <q ,{M n ; E*) 
of constant diagonals, Lemma l4.1l and duality give 
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In particular, Proposition 13.51 gives that 

is completely contractive. Finally, we observe that 

1 " 2 

($ pq {a(g> e),$ p / 9 /(6® e*)) = - r„(a*&)(e, e*) = (a <g> e, 6 <g> e*). 

71 fe=i 

Hence, since $*, /$p g is the identity and &p q $ p i q > is a projection, we are done. □ 

Remark 4.3. By simple dual arguments, it is not difficult to check that Theorem 
14.21 holds for 1 < p < q < oo, with <fr pq completely contractive and H^^Hcfc < cp- 
Namely, we first recall that 

S^(E)=K t (C^ ,C;)^ h E^ h K t (Rl > ,R;) for t = n%. 

Then, by Theorem 13 . 61 and the dual version of Lemma |4~T1 for the K functional, the 
complete contractivity of $ pQO holds. Finally, we end by interpolation and duality. 

Remark 4.4. Rescaling Theorem 14.21 we get an embedding ^ pq : S 1 ™ — > S p (P q n ). 
In fact, we have taken m to be n 2 . As we shall see in Sectional when seeking for 
cfo-embeddings with uniformly bounded constants, the choice m = n 2 is optimal. 

5. K-CONVEX OPERATOR SPACES 

The theory of type and cotype is essential to study some geometric properties of 
Banach spaces. The operator space analog of that theory has been recently initiated 
in some works summarized in |19j . The aim of this section is to explore the relation 
between B-convexity and K-convexity in the category of operator spaces. 

5.1. A variant of the embedding theorem. In this paragraph, we study the 
inverse of $ P9 when we impose on £ q its minimal operator space structure. The 
resulting mapping will the key in the operator space analog of Pisier's equivalence 
between B-convex and K-convex spaces. 

Lemma 5.1. The following map extends to an anti-linear isometry 

n n 

T : ^a k (8) e k € L p (r n ; min(E)) i — ► ^a* k <g> e k € L p (r n \ min (E)). 
fc=i fe=i 

Here, min(_E) stands for the complex conjugate operator space as defined in |23| . 

Proof. Since mm(E) embeds completely isometrically in 1^, we take E to be £oo. 
Under this assumption, the result is clear for p — oo. Namely, given x — (x n ) n >i 
in £oo(t-„; 4o), we have 

||T(x)||=sup||<|| = ||x||. 

n>l 

Now, if x G L p (T n ; £oo), there exist a,b £ L2p{r n ) and y £ ^oo(tVi;^oo) such that 
x = ayb and 

Hla f ,IMI=o||6||2p<(l + e)||a:||- 

Therefore 

\\T(x)\\ <||6*||2pN| c||a*|| 2p <(l + e)W. 
Since e > is arbitrary, the assertion follows easily. This completes the proof. □ 
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Let us consider the operator space F™ 9 denned as the image of 5™ under the map 
$ pg , with the operator space structure inherited from 

L p (r n „ 2 ;min(^ 2 )). 

Proposition 5.2. The estimate \\^pq\\jg(p n g n ) < 2 holds for any n > 1. 

Proof. We first consider a self-adjoint matrix x in S*™. Then taking m — n 2 , the 
sequence 7Ti (cc) , 7T2 (a;) , . . . , 7r m (a;) lies in a commutative subalgebra of M n m . In fact , 
using the spectral theorem, we can write x = u*d\u where d\ stands for the matrix 
of eigenvalues of x and u is unitary. In particular, after multiplication by u® m from 
the left and by (u*)® m from the right, we may assume that 

m 
k=l 

is a diagonal matrix. In that case, we may apply Corollary 1.3 of |22| to obtain 



y2,Sk <8nr k (x) = II y^fc ® ^feW 

fc=l L P (r„ m ;min(^)) II ^ 



fc=l 

Therefore, Theorem 14.21 gives 



|a||s» < ||*m(sb)|Ip. 



For arbitrary x, we consider its decomposition into self-adjoint elements 

a=—(x + x*) and b= — (x — x*). 
2 V ' 2i ' 

Then, we deduce from Lemma 15. II that 

J||*«(*)IIf» +\\ 

Z pi A 

Obviously, the same estimate holds for b. Thus, we obtain the desired estimate. □ 



|* M (a)||p, < d|$ pg (z)||p, + dl$ M (>)*ll F n < \\% q {x)\\~ f „ 



Let us consider an infinite dimensional operator space E and a family of finite 
dimensional operator spaces A = {A n | n > l}. We shall say that the family A 
embeds semi- completely uniformly in E, and we shall write A -< E, when there 
exists a constant c and embeddings A„ : A n — > E such that 

||A„|| cb ||A- 1 || < c for all n > 1. 
Corollary 5.3. Let 1 < p < oo and 1 < q < oo. Then, we have 
| n > l} -< S P (E) => | n > l} -< 5 P (£). 

Proof. By hypothesis, there exist Ci > 1 and embeddings A„ : £™ — > S P (E) such 
that || || c b|| A" 1 1| < Ci for each positive integer n. Let F„ denote the image A„(^™) 
of A„ in S P (E). On the other hand, according to Theorem 14.21 we know how to 
construct linear isomorphisms 

$„ : - F£ g C S p ) such that 1 1 $„ 1 1 cb < c 2 

for some constant c 2 independent of n. Moreover, let F™ be the image of 
endowed with the operator space structure inherited from 

5 p (min(C 2 )). 
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Then, if : F™ 9 — * S™ stands for Proposition 15. 21 gives ||* n || < c 3 for some 
constant C3 independent of n. Let us define 

A„ : S*™ -> S P (E) by A„ = (id <g> A„ 2 ) o $„. 

Then we have 



lA^IUHA- 1 !! < ||A na || c6 ||$„|| c6 ||* n ||||A- 



= ||A„2|| ch ||$„|| c6 ||* n ||||A n2 1 || <cic 2 c 3 . 
Since the constant C1C2C3 does not depend on n, the assertion follows. □ 

5.2. OB-convexity and OK-convexity. Let us start by defining the notion of 
OB-convex operator space. Following JSj, let us fix a family ds — {d a : G E} of 
positive integers indexed by an infinite set E and, given a finite subset T of E, let 

o-er 

An operator space E is called OB^-convex if there exists a finite subset T of E 
and certain < 5 < I such that, for any family 

{ A" e M da ® S 2 {E)\ , 

we have 

' inf llj^dM^B*) <(l-6)max\\A°\\ MiAS2m . 



B a unitary 



s 2 (E) aer 



If we replace the Schatten class 82(E) above by S P (E) we get an equivalent 
notion whenever 1 < p < 00, see |18j . This definition is inspired by Beck's original 
notion for Banach spaces, which corresponds to the commutative set of parameters 
Eo = N with da = 1 for all a G Eo. Our definition depends a priori on the set of 
parameters (E,ds). However, we shall see below that there is no dependence on 
E. On the other hand, we also need to provide an operator space analog of the 
property of containing (uniformly) finite dimensional L\ spaces. However, this time 
we need to allow the noncommutative Li's to appear in the definition. Given an 
operator space E, a set of parameters (E, ds) and 1 < p < 00, we define the spaces 



£ P (E;L) = J Ae J| M, 



,; E: (J2 d "W A %}« ( E)} 1/P< X 



We impose on £ P (E; E) its natural operator space structure, see Chapter 2 of [221 
for the details. We shall write £ P (E) for the scalar- valued case. We shall say that 
S P (E) contains £i(T)'s semi-completely A-uniformly if, for each finite subset 
r of E, there exists a linear embedding Ar : C\{T) — ► S P (E) such that 

IIArlUHAp 1 !! < A. 

In other words, if 

ic x {T) r finite! -< S P (E). 
The following is the analog of a well-known result for Banach spaces, see |18|. 

Remark 5.4. Given an operator space E, the following are equivalent: 

i) S P (E) contains £i(T)'s semi-completely A-uniformly for any A > 1. 

ii) S p (E) contains £ 1 (r)'s semi-completely A-uniformly for some A > 1. 
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Finally we recall, as have already done in the Introduction, that an operator 
space E will be considered OK-convex whenever the vector-valued Schatten class 
82(E) is K-convex when regarded as a Banach space. 

Remark 5.5. The given definition of OK-convexity is a bit more flexible. Indeed, 
an operator space E is OK-convex if and only if S P (E) is a K-convex Banach space 
for some (any) 1 < p < 00. This follows from the fact that, given 1 < p < 00, the 
Schatten class S P (E) is K-convex if and only 82(E) is K-convex. Indeed, it follows 
from [23 EH that Banach space K-convexity is stable by complex interpolation 
assuming only that one of the endpoint spaces is K-convex. Now assume that 
82(E) is K-convex and let 1 < p < 00. If p < 2 (resp. p > 2) we have 

S P (E) = [S 2 (E), Si(E)] e (resp. S P (E) = [S 2 (E), S^E)^) 

for some < 6 < 1. Therefore, we find by complex interpolation that S P (E) is 
also a K-convex Banach space. A similar argument shows that 82(E) is a K-convex 
Banach space whenever S P (E) is also K-convex. Thus our claim follows. 

Remark 5.6. In |18| it was given an a priori more general notion of K-convexity 
for operator spaces. Namely, let (Cl, A, /z) be a probability space with no atoms. 
Then, following ^1 we define the quantized Gauss system associated to (E, ds) as 
a collection of matrix-valued functions 

G* = {7*^-^4^ where 7* = ^ («*&)■ 

Here, the functions g?- : CI — > C form a family, indexed by 1 < i,j < d a and 
a G E, of independent standard complex-valued gaussian random variables. Given 
a function / G L 2 (Cl; E), we can consider the Fourier coefficients of / with respect 
to the quantized Gauss system 

f G (o) = [ /H 7 »*d M M. 

Jn 

This gives rise to the Gauss projection defined below 

Pg : / G L 2 (Cl; E) £ d CT tr(/ G (a) 7 CT ) G L 2 (Cl; E). 

erg£ 

An operator space E is called OKs -convex if the Gauss projection associated to the 
parameters (E, ds) is a completely bounded map. However, recalling the definition 
of the quantized Gauss system, we can write 

J2dMf G (*)i' T ) = J2 E / /MglHWg?.. 

o-GS ae^i,j=l n 

Therefore, since now the right hand side can be regarded as the classical Gauss 
projection, it turns out that the notion of OK^-convexity does not depend on the 
set (E, ds), so that we shall simply use in the sequel the term OK-convex, without 
any explicit reference to the set of parameters (E, ds). 

Remark 5.7. We can replace L2(Cl; E) above by L p (Cl; E) for any 1 < p < 00. 

Theorem 5.8. Given an operator space E, the following are equivalent: 

i) E is OK-convex. 

ii) E is OBs- convex for some (any) set of parameters (E,ds). 

iii) S P (E) does not contain Py 's uniformly for some (any) 1 < p < 00. 
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iv) S P (E) does not contain £i(r) 's semi- completely for some (any) 1 < p < oo. 

Proof. By definition, E is OK-convex if and only if S P (E) is a K-convex Banach 
space for some (any) 1 < p < oo, see Remark 15.51 above. Then, applying Pisier's 
characterization |21| of K-convexity, conditions i) and iii) are equivalent. Now we 
prove the equivalence between iii) and iv). To that aim we can fix 1 < p < oo 
without lost of generality (note that iii) is independent of the index p £ (l,oo) 
by its equivalence with i) and Remark 15. 5fl . The implication iii) iv) is trivial. 
Reciprocally, let us assume that S P (E) contains £™'s uniformly. Note that, since 
£™ carries the maximal operator space structure, any Banach space embedding of 
l\ is automatically a semi-complete embedding with the same constants. Then, 
Corollary 15 . \\\ claims that the family 



\SI n> l} 



also embeds semi-completely uniformly in S P (E). That is, there exists c > 1 and 
embeddings A„ : 5" — * S P (E) such that 

HAJcbllA- 1 ]! <c. 

Now, given a finite subset r of S, we also consider the map 

S r :AeA(r)^0rf ff 4''e5f for N = ^d (T . 

a-er a-er 

Finally, let Rr : Ci(T) — ► S P (E) stand for An ° Sr- Then we have 

HRrlUHRr 1 !! < IIAnIUIIA^II <c, 

since Sr is a complete isometry. In summary, the £i(r)'s embed semi-completely 
uniformly in S P (E). This proves the implication iv) =>■ iii). It remains to see that 
ii) is equivalent to some (any) of the other conditions. As in the commutative case, 
the implication ii) =>• iv) follows from Remark 15.41 and by plugging in the 'right 
unit vectors', for details see ^Hj- The converse implication iv) =>■ ii) (a bit more 
technical) is the main result in JHj- This completes the proof. □ 

Remark 5.9. Theorem 15.81 implies the E-independence of OB^-convexity. 

Remark 5.10. We have already mentioned that semi-complete and Banach space 
embeddings of £™'s are the same since £™ carries the maximal o.s.s. It is worthy of 
mention that, although £i(r)'s are not longer equipped with the maximal operator 
space structure, a similar property holds for the latter spaces. Indeed, it is clear 
that if £i(r)'s are uniformly contained in S P (E) in the Banach space sense, then 
S P (E) also contains £"'s uniformly. Finally, by Theorem 15.81 we see that £i(r)'s 
embed semicompletely uniformly in S P (E). The converse is trivial. 

6. Operator space type and cotype 

The notions of Fourier type and cotype of an operator space with respect to a 
noncommutative compact group were already defined in the Introduction. These 
are particular cases of a more general notion of type and cotype for operator spaces 
introduced in 4j. In that paper, the (uniformly bounded) quantized orthonormal 
systems play the same role of the uniformly bounded orthonormal systems in the 
classical theory. Some relevant examples of this notion are the dual object of a 
noncommutative compact group and the quantized analog of the Steinhaus system 
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introduced in |15| . Before introducing the notions of type and cotype for operator 
spaces, let us recover the classical notions. Let ei, £%,... he & sequence of random 
signs or independent Steinhaus variables over a probability space (f2, A,/i). Given 
1 < P < 2, a Banach space X is called of type p when there exists a constant T P (X) 
such that 

an v v \ i/p' / . \ i/p 

5> fc e fc M x ^h) <T p (x)(^||x fe ||y 
- ! fe=l fc=l 
for any finite family x\, X2, ■ ■ • , x n in X. As we mentioned in the Introduction, 
the basic idea is to replace the random variables (ek) by a sequence U\, U2, ... of 
independent random unitaries. That is, each t/fc : r2 — > U{dk) is a random unitary 
dfe x dk matrix uniformly distributed in the unitary group U(dk) with respect to 
the normalized Haar measure. In this setting, we might define the following notion 
of type 

d k J2MiJ)U k (j,i)\\jfi(u)) < f p (X) ( dk\\A k \\ P sd ) 

k=l i,j=l k=l P 

We want to point out that the right hand side is only well-defined for operator 
spaces. Moreover, this notion depends on the dimension dk and their multiplicity. 
Note that the presence of dfc's in the inequality stated above is quite natural in view 
of the Peter- Weyl theorem and the connection (explained in the Introduction) with 
the Hausdorff- Young inequality for non-abelian compact groups. Let us give the 
precise definitions. The quantized Steinhaus system associated to (S, ds) is defined 
as a collection 

S s = \C ■M^U(d tT )} 

of independent uniformly distributed random unitaries with respect to the set of 
parameters (E,ds). Given an operator space E and a function / G Li2(£l;E), we 
can consider the Fourier coefficients of / with respect to the quantized Steinhaus 
system 



f s (a) = / /HCH^M- 
Jn 

Let St p (£; E) be the closure in L p (fl; E) of the subspace given by functions 
fr = J2 dMA a C) with A a e M da ® E 

and r a finite subset of S. We shall write St p (S) for the scalar-valued case. Then, 
given 1 < p < 2, we say that the operator space E has S-type p when the following 
inequality holds for any function / £ St p /(E; E) 

[ \\f{Lo)\\i d^u)) 1/p < cb Ki{E^){y^d a \\Uaw si 

In a similar way, E-cotype p' means that any / S St p (E;_B) satisfies 

E^H/s(^)ll^ (£) ) 1/P <c b fc 2 p/ (E,s s )(f ||/mh^m) 1/p - 

ct6S p ' n 

Recall that the symbol < c b means the complete boundedness of the corresponding 
linear map. The best constants 1C p (E, Ss) and K? v , (E, Ss) in the inequalities stated 
above are called the E-type p and E-cotype p' constants of E. More concretely, using 
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the spaces C P (T,;E) introduced in Section the given definitions of S-type and 
S-cotype can be rephrased be requiring the complete boundedness of the following 
operators 

T p : A G £ p (S; E) .— » ^ dM^C) e Sty (E; £)> 
C p - : ^ d CT tr(A CT C CT ) e Stp(E;J5) i — ► A € £ p '(£; E). 

o-GS 

Remark 6.1. Let us recall that So stands for the commutative set of parameters 
defined in Section El The classical Khintchine inequalities can be rephrased by 
saying that the norm of St p (£o), regarded as a Banach space, is equivalent to 
that of Stg(So) whenever 1 < p ^= q < oo. On the other hand, by means of 
the noncommutative Khintchine inequalities |131 114|. it turns out that the norm 
of Stp(Eo) is not completely equivalent to that of St g (£o). That is, the operator 
spaces Stp(Eo) and St ? (Eo) are isomorphic but not completely isomorphic. More 
generally, St p (£) is Banach isomorphic but not completely isomorphic to St 9 (E), 
see 5H| for the details. Therefore, each space St g (E) in the definition of S-type p 
and S-cotype p' gives a priori a different notion! 

Remark 6.2. As in the classical theory, every operator space has S-type 1 and 
S-cotype oo. An operator space E has non-trivial Ti-type whenever it has S-type p 
for some 1 < p < 2. According to |18) and in contrast with the commutative theory, 
OK-convexity is not equivalent to having non-trivial E-type. Indeed, the operator 
Hilbert spaces R and C fail this equivalence since both are OK-convex operator 
spaces but do not have E-type for any 1 < p < 2. This constitutes an important 
difference between the classical and the noncommutative contexts. Namely, it turns 
out that we can not expect an operator space version of the Maurey-Pisier theorem 
[IB] since the simplest form of this result asserts that the property of having non- 
trivial type is equivalent to K-convexity. 

Remark 6.3. It is not clear whether or not the notions of S-type and S-cotype 
depend on (£, ds). Moreover, if we replace the quantized Steinhaus system by 
the dual object of a noncommutative compact group G, we can ask ourselves the 
same question for the notions of Fourier type and cotype. Note that this group 
independence is an open problem even in the commutative theory. The reader is 
referred to the paper (Uj for more information on this problem. 

The S-type (resp. S-cotype) becomes a stronger condition on any operator space 
as the exponent p (resp. p') approaches 2. In particular, given an operator space 
E we consider (as in the Banach space context) the notions of sharp E-type of E 
(i.e. the supremum over all 1 < p < 2 for which E has S-type p) as well as sharp 
E-cotype of E (i.e. the infimum over all 2 < p' < oo for which E has S-type p'). 
The aim of this section is to investigate the sharp S-type and S-cotype indices of 
Lebesgue spaces, either commutative or not. However, as we shall see below, some 
other related problems will be solved with the same techniques. 

6.1. Sharp S-type of L p for 1 < p < 2. We begin with the finite dimensional 
S-type constants for any bounded set of parameters (S, ds). More concretely, let us 
consider a set of parameters (S, ds) with d^ bounded. Then, given a finite subset 
T of S, we shall write £ P (T) to denote the space of functions £ : T — > C endowed 
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with the customary norm 



£lk(r) = (£l^)l P 



<rer 



<Sa e M da ®l p {T). 



Let us consider the function / : O — » ^ P (T) defined by 

/ = ^ dMfs(°)C) with / s (a) = e n 
o-er 

Then we recall that 

( J I V^Cii\ q dfi) ' ~ ( y I v^Cn I'V) 5 = 1, for any f < q < oo. 

Indeed, the norm equivalence follows from the analog of the Khintchine-Kahane 
inequalities for the quantized Steinhaus system, proved in |15j . The last equality 
follows from the definition of Ss. In particular, if we use the symbol < to denote an 
inequality up to a universal positive constant, then we have the following estimate 
for any 1 < p < q < 2 

i r i 1/p < (j[El^l p ^) 1/P 



■crer 



< 



[ II Vd CT tr(/ s (<7)C CT ) 9 , dfx 
Jn II ^ W 



1/9' 



< /Cj(^(T),S E )(X;^ll/sWII|- 
In other words 



o-er 



1/'/ 



< ^(^(rj.SEjiri 1 ^. 



c |r|Vp-v?<£^ p (r),s E ) < iif/p-v^ 

for some constant < c < 1. The upper estimate is much simpler and it can 
be found in 3 . Therefore, since any infinite dimensional (either commutative or 
noncommutative) L p space contains completely isometric copies of £ P (T) for any 
finite subset T of S, we deduce that any infinite dimensional L p space has sharp 
E-type p for any bounded set of parameters (E, d E ). However, it is evident that 
our argument doesn't work for unbounded sets of parameters. This case requires to 
find the right matrices which give the optimal constants. In the following theorem 
we compute the finite dimensional constants for the Schatten classes. 

Theorem 6.4. If 1 < p < q < 2, the estimate 

holds for any unbounded set of parameters (E, d E ) and any element a o/E. 
Proof. Let us take / : Q -»• S*" so that / s (£) = if £ G E \ {a} and 



to = (E 



en® en 



= 1 3=1 

Then, the following estimate holds by definition of E-type 



dMfs(o-)C) 



dii 



1/9' 



< 



^(^,s E )4/»n/s( ff ) 
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Note that we have 

tr(/ s (a)C)= £ e ij ®g i = (r) t - 

1+- 

Thus, since the ^'s are unitary, the left hand side of the inequality above is da- p . 
On the other hand, we need to compute the norm of fs (a) in S d ° (S da ) . Since the 
Haagerup tensor product commutes with complex interpolation, it is not difficult 
to check that the following natural identifications are Banach space isometrics 

C d ° ® h C d " = S d " = R d " ® h R d q ° with i = ~ (l - - + ~) . 

For instance, 

C% ® h C d ° = [C& ® h C^,C^ ® h C d °] l/p = [Sfr,S*s] 1/p = S d ;,, 

C' d " ®h C' da — [C^ <g>h C da , C da ®h Cp a ] p / q = [S 2 p> , S d °] p / q = S d " . 
In particular, due to our choice of fs(o~), we can write 

\\fs(v)\\s%«(s*») = Pm^III^ = d 2 J r . 
Combining our previous results, we obtain the desired estimate. □ 
Corollary 6.5. If 1 < p < q < 2, the estimate 

^(^,s s )>c£(i/p-i/,) 

holds for any unbounded set of parameters (E, d E ) and any element a o/E. 
Proof. By Theorem 14.21 we have 

^(^,s s ) < jcl(s q (if'),s E ) </cJ(4%s E ). 

The last inequality follows by Minkowski inequality for operator spaces, see [3]. □ 

Remark 6.6. The arguments applied up to now also provide the finite dimensional 
estimates for the E-cotype constants when 2 < q' < p' < oo. Namely, the following 
estimates hold 

**,(S*-,S E ) > d^/s'-W) an d K$($,S E ) > ^(W-i/p'). 

Remark 6.7. By a simple result of J, we have /Cj(5^,S E ) < d cb (S d ° , S d °). In 
particular, in Theorem 16 . 41 we actually have equality 

^(s^,Se) = 4 (1/p " 1/9) - 

A similar argument applies to Corollarv l6.5l In summary, our estimates provide the 
exact order of growth of the E-type (resp. E-cotype by Remark 16. 6|) constants of 
the corresponding finite dimensional Lebesgue spaces considered above. Moreover, 
now we can prove the claim given in Remark 14.41 Namely, let us consider the set 
E = N with d k = k for all k > 1. Then, if ^ pq : S™ -> S p {t%) is a cb embedding 
with constants not depending on the dimensions n and m, Corollary 16. 51 provides 
the following estimate 

X*(S£,S E ) < ||* P ,|| cb ||* p - 1 || cb /c;(^(^),s E ) 

< II^IUH^IU/cJ^.Se) 

< ll*«IUH*^ 1 |Um 1 /i'-V 9 . 
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Therefore, since IC q (S p , Ss) = n 2 ^ 1 ^ 1 l i q \ we conclude by taking n arbitrary large. 

Remark 6.8. The main topic of 0| is the sharp Fourier type and cotype of L p 
spaces. Given 1 < p < 2, it is showed that L p has sharp Fourier type p with respect 
to any compact semisimple Lie group. The arguments employed are very different. 
Namely, the key point is a Hausdorff- Young type inequality for functions defined on 
a compact semisimple Lie group with arbitrary small support. However, the sharp 
Fourier cotype of L p for 1 < p < 2 is left open in [2]. Now we can solve it by using 
Corollary 16.51 and the following inequality 

JC 2 q ,{L p ,G) > /C^i^Sg). 

Here JC 2 , (L p ,G) denotes the Fourier cotype q' constant of L p with respect to G 
and Sg stands for the quantized Steinhaus system with the parameters given by 
the degrees of the irreducible representations of G. That inequality is a particular 
case of the noncommutative version of the contraction principle given in |15j . This 
solves the problem posed in [3J not only for compact semisimple Lie groups, but for 
any non- finite topological compact group. 

6.2. Sharp E-cotype of L p for f < p < 2. Given any cr-finite measure space 
(ft, B, v) 1 any set of parameters (E, ds) and any finite subset T of E, let us consider 
a family of matrices 

A = e M da 



L 



,(fi)} • 
J o-er 



Then, we can estimate the norm of A in /^(S; L p (£l)) for any f < p < 2 as follows. 
First, Minkowski inequality and Planchcrel theorem give 



(E^ 

o-er 



1-4 



CT||2 

S 2 d "(L p (f2)) 



1/2 



< 



[j2dAA°(x)\\ 2 sl 

(L\f \Y, d M^C) 



p/2 



dv(x) 



i/p 



dp. 



p/2 



dv 



i/p 



Second, by the analog given in f 5 of Khintchinc-Kahane inequalities for 



dp 



dv 



E d MA a C 

Therefore, there exists some constant c such that 

E<MKIfe 



dv 



dp 



o-er 



'(L P (n)) 



\ 1/2 ( 




) 


/II 



2 a/2 
- dp(u) 



for any family of matrices A. In other words, we have proved that the mapping C2 
defined above is bounded when we take values in L p (fl). However, we can not claim 
E-cotype 2 unless we prove that the same operator C2 is not only bounded, but 
completely bounded. Now, looking at Remark 16. II we realize that our arguments 
do not work to show the complete boundedness. In this paragraph we study this 
problem. We begin by computing the sharp cotype of S q (S p ) as a Banach space. 
This will be the key to find the sharp E-cotype indices of L p spaces. We want to 
point out that this fact was independently discovered by Lee in [T2*j . 
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Lemma 6.9. The Schatten class S q (S p ) has sharp Banach cotype r with 

l 1/. l In , , 

whenever 1 < p < 2 and p < q < p . 



r 2 V P q 

Proof. First, we show that S q (S p ) has cotype r. The casep > 1 is simple. Indeed, 
we just need to check that the predual S q '(S p i) has Banach type r' . To that aim 
we observe that 

S q .{S p ,) = [S p {S p .),S p ,{S p .)} $ with i-I = i^ + 0(i-i 

q p V p 

Moreover, we have 

S p (Sp>) = [S 2 {S 2 ), Sit^oo)]^ with -j- = 1 - 77 + y. 

Hence S p (S p i) has type p and, since S p /(S p /) has type 2, S q '(S p i) has type s with 

1 l-6» 6> 1 /l 1\ 1 1/1 1\ 1 

- = !--+ 0(--~)=l-- + -(--l+-)=l--. 



s p 2 q \p 2/ q 2\p 

It remains to see that S 9 (Si) has cotype 2(j. Let us denote by TZ P the subspace 
generated in L p (fl) by the sequence ri,r2, . . . of Rademacher functions. Then, if 
1Z P (E) stands for the closure of the tensor product 7Z P (g> E in L p (il; E), we need to 
see that the following mapping is bounded 

n n 

C 2q :J2 Tk ® Xk€ ftaOWO) 1 — ► J2 Sk e M^O^i))- 
fe=i fc=i 

First we recall that, according to Khintchine-Kahane and Minkowski inequalities, 
the following natural map is contractive 

fta(S g (Si)) - 5,(^(50) - S^n^Si)). 
By the well-known complete isomorphism 7?-i ~ R + C, which follows from the 
noncommutative Khintchine inequalities (see |14U22| ). we can write S q (lZx(Sx)) as 
the sum S q (Si(R)) + S q (Si(C)). Therefore, it suffices to see that the following 
natural mappings 

S: S q (Sx(R)) -> i 2q (S q (Sx)) 

T: S q (Sx(C)) -> £ 2q (S q (Sx)), 
which send the canonical basis of R or C to the canonical basis of £ 2q , are bounded. 
Since both cases are similar, we only prove the boundedness of T. To that aim we 
recall that, since S q (Sx(C)) = [Soo(Si(C)), Si(Sx(C))]x/ q , it suffices to prove the 
boundedness of 

T : S^SxiC)) -> iooiS^Sxj) 

Tx: Sx{Sx{C)) -> e 2 (Sx(Sx))- 
If we observe that To factors through S 00 (Si(£ 00 )), it is clear that To is even 
contractive. To show that Ti is bounded, let us consider a finite family xx,x 2 , ..,x n 
of elements in Si (Si). Then, since Si(Si(C)) embeds completely isometrically in 
Si(N 3 ), we know from that it has Banach cotype 2 so that we get 

n n 

\\j2 Sk ® Xk \\e ( S (s )) = ^ Xk ® ekl lHi(Si(c))) 



1 M 



- c / I 2^^k{t){x k ® efci) 

k=X 



dt 

Sx{Sx{C)) 
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k=l 



S 1 (S 1 (C)) 



The last equality follows since 



1/2 

fe =i s^suo) nv fe=1 



Si (Si) 



This gives the boundedness of Ti and consequently the map C 2 q is also bounded. In 
summary, we have seen that S q (S p ) has Banach cotype r in the range of parameters 
considered. To complete the proof, we need to see that this exponent is sharp. 
However, recalling that 

Sq(Sp) = C q ®h C p ®h Rp ®h Rq> 

we can regard C q ®h C p as a subspace of S q (S p ). Now, since the Haagerup tensor 
product commutes with complex interpolation, we obtain the following Banach 
space isometrics 

1 1/2 

Cq® h C p = [C pl ® h C p ,C p ® h C p \ e = [S pl ,S 2 ]e with - = l--+0--l 

q p \p 

This gives that C q ®h C p = S r as a Banach space, we leave the details to the reader. 
Therefore, S q (S p ) can not have better cotype than r. This completes the proof. □ 

Let us recall that the commutative set of parameters (Eo,ds ) is the given by 
Eo = N where we take d a = 1 for all a E Eo. In the following result we show that, 
in contrast with the Banach space situation, any infinite dimensional (commutative 
or noncommutative) L p space with p ^ 2 fails to have E-cotype 2. 

Theorem 6.10. Any infinite dimensional L p space has sharp H-cotype max(p,p'). 

Proof for ds bounded. As it was pointed out in 0], it is obvious the any L p 
space has E-cotype max(p,p') with respect to any set of parameters E. Let us see 
that this exponent is sharp when ds is bounded. In this particular case, it clearly 
suffices to consider the commutative set of parameters Eo. We also assume that 
1 < P < 2 since the case 2 < p < oo has been considered in Remark 16.61 Moreover, 
since any infinite dimensional L p space contains a completely isometric copy of £ p , 
it suffices to check it for l p . Now, let us assume that £ p has Eo-cotype q', for some 
q' < p' ■ Then we can argue as in Corollary 16.51 Namely, combining Theorem 14.21 
with Minkowski inequality for operator spaces, we have 

£2,(S,,(S p );S So ) </C2,(VN 2 ;f p );S So ) < ^ q ,(e p ,S^). 
Now, by Lemma 16.91 the best Eo-cotype we can expect to have is r where 

1 _ 1 1 1 
r ~ 2p + 2q' K q'' 

Therefore, we deduce that r > q' and the result follows by contradiction. □ 

Proof for ds unbounded. Arguing as in the previous case, it suffices to see that 
£ p has sharp E-cotype p' for 1 < p < 2. Let us assume that i p has E-cotype q' for 
some q' < p' . Then, again by Theorem 14.21 and Minkowski inequality, the space 
Sq>(S p ) should have E-cotype q' . However, recalling that 

Sq'(Sp) — C q ' ®h Cp ®h Rp ®h Rq' , 
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we conclude that the subspace C(p,q) — C q < ®h C p — C g < ®h R P > of S q i{S p ) must 
also have E-cotype q'. Then, we proceed as in Theorem lfi.41 Namely, let us consider 
a function / : Q — > C(p, q) so that 



and such that 

fs(<T 

By the definition of S-cotype we have 

\\fs{v)\\s* r (C(p,q)) ^ ^g'( C (P>9)> S s) 

Now using the Banach space isometry 

Ss = CI ® h R n v for 



/ S (0=0 for £e£\M 
en ® e a ® e Xj ® e Xj e C d q 7 ® h C(p, q) ® h R d q 7 



d^tr(/ s ( CT )r) 



1 1 

2u + 2v' 



which follows easily by complex interpolation, we obtain 



fe=l 



efefc 



Moreover, since tr(/s(cr)C CT (^)) = J2^"-i < '■ 
4/"tr(7s( ( r)r(c)) 



i,j=l °W 



fe=l 



efcfc 



= dV 2p 2q ' 



'C/iH = (CM)*, we have 



C( P ,g) 



d/i(uj] 



5 T 2? V 



Combining our previous results, we obtain q' > p'. This completes the proof. 
Remark 6.11. By duality, the sharp S-type index of L p is min(p,p'). 



□ 



Remark 6.12. By a standard argument using the contraction principle, our results 
for sharp E-type and E-cotype also hold for any uniformly bounded quantized 
orthonormal system. The reader is referred to |3] for further details. 

Remark 6.13. As it was recalled in Remark l6.2l it seems that there is no analog of 
the Maurey-Pisier theorem for operator spaces. Theorem |3 clearly reinforces that 
idea. Finally, the reader is referred to Section 4.2 of [Jj for an unrelated notion of 
operator space cotype 2 for which L p has cotype 2 whenever 1 < p < 2. 
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